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1 Introduction 

All terminology not defined in this paper is standard, see |Hej and |Jaj . 

Let M and N be two closed, connected, orientable 3-manifolds. Let H be 
a (not necessarily connected) compact 3-submanifold of N . We say that a 
degree one map / : M ^ is a homeomorphism outside H \i f : (M, M — 
'mtf~^{H), f~^{H)) (N, N — intH, H) is a map between the triples such that 
the restriction f\:M — 'mtf~^{H) N — intH is a homeomorphism. We say 
also that / is a pinch and N is obtained from M by pinching W = f~^{H) 
onto H . 

Let be a compact 3-manifold (not necessarily connected). We use g{H) to 
denote the Heegaard genus of H , that is the minimal number of 1-handles used 
to build H . 

We define mg{H) = max{g{Hi), Hi runs over components of H}. It is clear 
that mg{H) < g{H) and mg{H) = g{H) if H is connected. 

A path-connected subset X of a connected 3-manifold is said to carry vriM if 
the inclusion homomorphism ttiX — > vriM is surjective. 

In this paper, any incompressible surface in a 3-manifold is 2-sided and is not 
the 2-sphere. A closed 3-manifold M is small if it is orientable, irreducible and 
if it contains no incompressible surface. 
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It has been observed by Kneser, Haken and Waldhausen ([Ha], |Waj . see also 
|RWj for a quick transversality argument) that a degree one map M ^ N 
between two closed, orientable 3-manifolds is homotopic to a map which is a 
homeomorphism outside a handlebody corresponding to one side of a Heegaard 
splitting of N . This fact is known as "any degree one map between 3-manifolds 
is homotopic to a pinch". 

A main result of this paper is the following rigidity theorem. 

Theorem 1 Let M and N be two closed, small 3-manifolds. If there is a 
degree one map f : M ^ N which is a homeomorphism outside an irreducible 
submanifold H C N , then either: 

(1) There is a component U of H which carries ttiN and such that g(U) > 
g{N), or 

(2) M and N are homeomorphic. 

Remark 1 Given M and N two non-homeomorphic small 3-manifolds , The- 
orem n implies that cannot be obtained from M by a sequence of pinchings 
onto submanifolds of genus smaller than g{N). However Theorem ^ does not 
hold when M is not small. Below are easy examples: 

• Let / : Pi^N N he a degree one map defined by pinching P to a 
3-ball in N . Then / is a homeomorphism outside the 3-ball, which is 
genus zero and does not carry ttiN . 

• Let A; be a knot in a closed, orientable 3-manifold N and let F be a once 
punctured closed surface. Let M be the 3-manifold obtained by gluing 
the boundaries oi F x and of E{k) in such a way that dF x {x} 
is matched with the meridian oi k, x £ . Then a degree one map 
f : M ^ N pinching F x to a tubular neigborhood J\f{k) of fc, is a 
homeomorphism outside a handlebody of genus 1. If vri A is not cyclic or 
tivial, then g{J\f{k)) < g{N) and M{k) does not carry vriA. 

The pinched part of a degree one map between closed, orientable non-homeo- 
morphic surfaces has incompressible boundary |Edj . The following straigtfor- 
ward corollary of Theorem ^ gives an analogous result for small 3-manifolds: 

Corollary 1 Let M and A be two closed, small, non-homeomorphic 3-mani- 
folds. Let f : M ^ N be a degree one map and let V U H = N be a minimal 
genus Heegaard sphtting for N . Then the map f can be homotoped to be a 
homeomorphism outside H such that f~^{H) is d -irreducible. 
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Remark 2 Corollary ^ remains true for any strongly irreducible heegaard 
splitting of N. Then the argument, using Casson- Gordon's result |CGj . is 
essentially the same as |Le[ Theorem 3.1], even if in |Lej it is only proved for 
the case M = and N a homotopy 3-sphere. The proof in |Lej is based on 
his main result |Le[ Theorem 1.3], but one can also use a direct argument from 
degree one maps. 

Theorem H follows directly from two rather technical Propositions (Proposition 
Hand Proposition E)). Theorem ^ and its proof lead to some results about 
Heegaard genus of small 3-manifolds and Dehn surgery on null-homotopic knots. 

Theorem 2 Let M be a closed, small 3-manifold. Let F C M be a closed, 
orientable surface (not necessary connected) which cuts M into finitely many 
compact, connected 3-manifolds C/i,...,C/„. Then there is a component Ui 
which carries ttiM and such that g{Ui) > g{M) . 

Remark 3 In general (see jL^) one has only the upper bound: 

n 

g{M)<Y,9{Ui))-g{F). 
1=1 

Suppose that A; is a null-homotopic knot in a closed orientable 3-manifold M . 
Its unknotting number u{k) is defined as the minimal number of self-crossing 
changes needed to transform it into a trivial knot contained in a 3-ball in M . 

Theorem 3 Let k be a null-homotopic knot in a closed, small 3-manifold M . 
If u{k) < g{M) , then every closed 3-manifolds obtained by a non-trivial Dehn 
surgery along k is not small. In particular k is determined by its complements. 

This article is organized as follows. 

In Section|21we state and prove Proposition ^ which is the first step in the proof 
of Theorem n The second step, given by Proposition |21 is proved in Sectional 
then Theorem ^ follows from these two propositions. Section |1] is devoted to 
the proof of Theorem |2l and Section El to the proof of Theorem |31 

Acknowledgements We would like to thank both the referee and Professor 
Scharlemann for their suggestions which enhance the paper. The second author 
is partially supported by MSTC and NSFC. 
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2 Making the preimage of H (^-irreducible 

The first step of the proof of Theorem Q is given by the following proposition: 

Proposition 1 Let M and N be two closed, connected, orientable, irreducible 
3-manifolds which have the same hrst Betti number, but are not homeomorphic. 

Suppose there is a degree one map fo : M ^ N which is a homeomorphism 
outside a compact irreducible 3-submanifold Hq C N with OHq ^ 0. Then 
there is a degree one map f : M ^ N which is a homeomorphism outside an 
irreducible submanifold H C -f^o such that: 

• 'rng{H) < mg{Ho) , 

• Any connected component of f~^{H) is either d -irreducible or a 3-ball, 
and there is at least one component of f~^{H) which is d -irreducible. 

Remark 4 Since M is not homeomorphic to it is clear that at least one 
component of f^^{H) is not a 3-ball. 

Proof In the whole proof, 3-manifolds M and are supposed to meet all 
hypotheses given in the first paragraph of Proposition ^ 

By the assumption there is a degree one map /o : M — > which is a homeo- 
morphism outside an irreducible submanifold Hq C N with dHo ^ 0. 

Let 7io be the set of all 3-submanifolds H C Hq such that: 

(1) There is a degree one map f : M ^ N which is a homeomorphism outside 
H; 

(2) 5i7/0; 

(3) mg{H) <mg{Ho); 

(4) H is irreducible. 

For an element H € TCq, its complexity is defined as a pair 

c{H) = {a{dH),7To{H)) 

with the lexicographic order, and where a{dH) is the sum of the squares of the 
genera of the components of dH , and ■kq{H) is the number of components of 
H. 
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Remark on c{H) The second term of c{H) is not used in this section, but 
will be used in the next two sections. 

Clearly 7io is not the empty set, since by assumption Hq G Hq. 

A compressing disk for dH in is a properly embedded 2-disk (D, dD) C 
(iif, dH) such that dD = D f] dH is an essential simple closed curve on dH 
(i.e. does not bound a disk on dH). In the following we shall denote by 
H\M{D) the compact 3-manifold obtained from H by removing an open prod- 
uct neighborhood of D. The operation of removing such neighborhood is called 
splitting H along D. 

Lemma 1 Let H he a compact orientable 3-manifold and let (D, dD) C 
{H,dH) be a compressing disk . Then mg{H^) < mg(H), where H^ = 
H\J\f{D) is obtained by splitting H along D. Moreover c{H^) < c{H) . 

Proof By Haken's lemma for boundary-compressing disk f |BOj . |CGj ^. a min- 
imal genus Heegaard surface for H can be isotoped to meet D along a single 
simple closed curve. It follows that mg[Htf) < mg{H). 

Since dD is an essential simple closed curve on dH , it is easy to see that 
a{dH^) < (j{dH), therefore c{H^) < c{H) . □ 

The proof of Proposition ^ follows from the following: 

Lemma 2 Let H G Tio be an element which realizes the minimal complexity, 
then any component of f~^{H) which is not a 3-ball is d -irreducible. 

Proof Let Wq C W = f~^{H) be a component which is not homeomorphic 
to a 3-ball. Such a component exits since M is not homeomorphic to A^. To 
prove that Wq is 9-irreducible, we argue by contradiction. 

If dWo is compressible in W , there is a compressing disc {D,dD) —i- {W,dW) 
whose boundary is an essential simple closed curve on dW . 

Since / : M — > is a homeomorphism outside the submanifold H C N the 
restriction f\ : {W,dW) {H,dH) maps dW homeomorphically onto dH . 
Therefore f{dD) is an essential simple closed curve on dH which bounds the 
immersed disk f{D) in H . By Dehn's Lemma, f{dD) bounds an embedded 
disc D* in H . 

Lemma 3 By a homotopy of f , supported on W = f~^{H) and constant on 
dW , we can achieve that: 
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• f\:W^Hisa homeomorphism in a collar neighborhood of dW U D , 

• f\^'^{D*) = D U S , where S is a closed orientable surface. 

Proof We define a homotopy F : W x [0, 1] ^ H by the following steps: 

(1) F{x,0) = f{x) for every x eW; 

(2) F{x, t) = F{x, 0) for every x G df-^{H) = dW and for every t G [0, 1] ; 

(3) Then we extend F(x, 1) : D x {1} — s- D* by a homeomorphism. 

We have defined F on D x {0} U dD x [0, 1] U L> x {1} which is homeomorphic 
to a 2-sphere 5^. Since H is irreducible, by the Sphere theorem 'K2{H) = {0}. 
Hence: 

(4) We can extend F to L> x [0, 1] ; 

Now F has been defined on x {0} U dW x [0, 1] U x [0, 1] , which is a 
deformation retract of x [0, 1] , therefore: 

(5) We can finally extend F on W x [0, 1] . 

After this homotopy we may assume that f{x) = F{x,l), for every x € W. 
Then by construction this new / sends dWUD homeomorphically to dHUD* . 
By transversality, we may further assume that / 1 : W ^ H isa homeomorphism 
in a collar neighborhood of dW U D and that f\~^{D*) = DU S , where 5 is a 
closed surface. □ 

The following lemma will be useful: 

Lemma 4 Suppose f : M ^ N is a degree one map between two closed 
orientable 3-manifolds with the same first Betti number [5i{M) = l3i{N) . Then 
: H2{M;7j) H2{N;Z) is an isomorphism. 

Proof Since / : M — > is a degree one map, by (Brj. Theorem 1.2.5], there 
is a homomorphism /j, : H2{N;'L) H2{M;Z) such that f^,o^: H2{N;'Ii) 
i?2(A;Z) is the identity, where : H2{M]Z) H2{N;Z) is the homomor- 
phism induced by / . 

In particular : H2{M]'L) H2{N]'L) is surjective. Then the injectivity 
follows from the fact that H2{M;Z) and H2{N]'L) are torsion free abelian 
groups with the same finite rank f32{M) = (3i{M) = l3i{N) = (32{M). □ 
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Since the degree one map / : M ^ is a homeomorphism outside H , the 
Mayer- Vietoris sequence and Lemma ^ imply that : H2{W]'L) H2{H;Z) 
is an isomorphism. 

Let S' be a connected component of S. Since f{S') C D* , the homology class 
[f{S')] = fi,{[S']) is zero in H2{H,Z). Hence the homology class [5'] is zero 
in H2(W,7j), because f^, : H2{W,Z) — > H2{H,Z) is an isomorphism. It follows 
that 5' is the boundary of a compact submanifold of W . Therefore S' divides 
W into two parts Wi and W2 such that dW2 = S' and Wi contains dW U D . 

We can define a map g -.W ^ H such that: 

(a) g\wi = f\wi and g{W2) C D* . 

Then by slightly pushing the image g{W2) to the correct side of D* , we can 
improve the map g : W ^ H such that: 

(b) g\dw = f\dw, 

(c) g'^{D*) =DU{S\S') and g : J\f{D) J\f{D*) is a homeomorphism. 
After finitely many such steps we get a map h : W ^ H such that: 

(b) h\dW = f\dW, 

(d) h^^{D*) = D and h : N{D) N{D*) is a homeomorphism. 

Let H^, = H\M{D) obtained by splitting H along D. Then is still an 
irreducible 3-submanifold of with dH^ ^ 0. 

Now f\M-mtw and h\v/ together provide a degree one map h : M ^ N . The 
transformation from / to /i is supported in W , hence /i is a homeomorphism 
outside the irreducible submanifold of A^. 

Since if* is obtained by splitting H along a compressing disk, we have C Hq 
and -ff* belongs to Hq. Moreover ■mg{H^) < mg{H) and c{H:^) < c{H) by 
Lemma ^ 

This contradiction finishes the proof of Lemma |21 and thus the proof of Propo- 
sition m □ 

3 Finding a closed incompressible surface in the do- 
main 

Since closed, orientable, small 3-manifolds are irreducible and have first Betti 
number equal to zero. Theorem ^ is a direct corollary of the following proposi- 
tion: 
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Proposition 2 Let M and N be two closed, connected, orientable, irreducible 
3-nianifolds whith the same first Betti number. Suppose that there is a degree 
one map f : M ^ N which is a homeomorphism outside an irreducible sub- 
manifold Hq C such that for each connected component U of Hq, either 
g{U) < g{N) or U does not carry ttiN . Then either M contains an incom- 
pressible orientable surface or M is homeomorphic to N . 

Let (M, N) be a pair of closed orientable 3-manifolds such that there is a degree 
one map from M to A^. We say that condition (*) holds for the pair (M,N) 
if: 

(*) vriiV = {1} implies M = S^. 
For the proof we first assume that condition (*) holds for the pair (M, N) . 

Proof of Proposition [21 under condition (*) 

By the assumptions, there is a degree one map f : M ^ N which is a homeo- 
morphism outside an irreducible submanifold Hq C N with OHq ^ and such 
that for each connected component U of Hq either g{U) < g{N) or U does 
not carry vriA^. We assume moreover that M is not homeomorphic to A^. Our 
goal is to show that M contains an incompressible surface. 

Similar to Section [3 let 7i be the set of all 3-submanifolds H C N such that: 

(1) There is a degree one map f : M ^ N which is a homeomorphism outside 
H. 

(2) dH is not empty. 

(3) For each component U oi H , either g{U) < g{N) or U does not carry 
vriiV. 

(4) H is irreducible. 

The set Ti is not empty by our assumptions. 

The complexity c{H) = {(j{dH),'KQ{H)) for the elements of 7i is defined like 
in Section 121 

Lemma 5 Assume that there is a degree one map f : M ^ N which is a 
homeomorphism outside a submanifold H C N . If H contains 3-ball compo- 
nent , then f can be homotoped to be a homeomorphism outside H^, , where 
= H — B^ . Moreover if H is irreducible, then H^, is also irreducible. 
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Proof By our assumption, there is a degree one map f : M ^ N which 
is a homeomorphism outside a submanifold H C N and H contains a 
component. Since f\ : f~^{dH) — > dH is a homeomorphism, then f~^{dB^) 
is a 2-sphere S'^ C M . Since M is irreducible, 5^ bounds a 3-ball 5^ in M. 
Then either 

(a) M -int f-^B'-^) = Bf, or 

(b) f-^B^) = Bl 

In case (a), = f{B^) U i?^ is a union of two homotopy S-bahs with their 
boundaries identified homeomorphically, and clearly ttiA^ = {!}. So A/ = 
by assumption (*) . Hence (b) holds in either case. 

In case (b), by a homotopy of / supported in f^^(B^), we can achieve that 
/I : f~^{B^) B^ is a homeomorphism. Then / becomes a homeomorphism 
outside the irreducible 3-submanifold C N, obtained from H by deleting 
the 3-ball B^ . 

The last sentence in Lemma El is obviously true. □ 

Let G W be an element which realizes the minimal complexity. By Lemma El 
no component of is a 3-ball, hence no component of dH is a 2-sphere since 
H is irreducible. Therefore no component of f~^{H) is a 3-ball and df~^{H) 
is incompressible in f~^{H) by the proof of Lemma 121 

Since f : M — mtf^^{H) N — intH is a homeomorphism, df~^{H) is 
incompressible in M — \ntf~^{H) if and only if dH is incompressible in — 
int-ff . For simplicity we will set V = N — mtH , then N = V U H . 

Then the proof of Proposition (21 under condition (*) follows from: 

Lemma 6 If dH is compressible in V, then there is H^ G T~L such that 
c{H^) < c{H). 

Proof Suppose dH is compressible in V . Let {D,dD) C iV^dV) be a com- 
pressing disc. By surgery along D, we get two submanifolds Hi and Vi as 
follows: 

Hi=HU M{D), Vi = V\M{D). 

Since Hi is obtained from H by adding a 2-handle, for each component U' 
of Hi there is a component U of Hq such that g{U') < g{U) and iriU' is a 
quotient of ttiU , hence Hi verifies the defining condition (3) of 7Y. Moreover 
/ is still a homeomorphism outside Hi because Hi contains H as a subset. 
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Clearly dHi ^ 0. Hence Hi satisfies also the defining conditions (1) and (2) 
of n. We notice that c{Hi) < c{H) because (T{dHi) < a{dH). 

We will modify Hi to become H^ ^Ti with c{H^:) < c{Hi) . The modification 
will be divided into two steps carried by Lemma |S1 and Lemma |H1 below. First 
the following standard lemma will be useful: 

Lemma 7 Suppose U is a connected S-submanifold in N and let C N be 
a S-ball with dB^ = . 

(i) Suppose cdU. Hint UCiB^ / 0, then U C B^ . Otherwise UCiB^ = . 

(ii) if dU CB^, then either U C B^ , or N - intU C B^ . 

Proof For (i): Suppose first int C/ n 5^ 7^ . Let x G intUnB^. Since U 
is connected, then for any y £ U , there is a path a C U connecting x and 
y. Since S'^ is a component of dU , a does not cross . Hence a C B^ and 
y e B^ , therefore U C B^ . 

Now suppose intC/ n i?^ = 0. Let x G dU (1 B'^ . If x G int B^ , then there is 
y G intU n B^ . It contradicts the assumption. So x E dB^ = S'^ . 

For (ii): Suppose that U is not a subset of B^ , then there is a point x G 
?7 n (iV - intB^) . Let y e N -intU. U y e N - int B^ , there is a path a in 
— int B"^ connecting x and y, since — inti?^ is connected. This path a 
does not meet dU , because dU C B"^ . This would contradict that x G U and 
y G N — intU . Hence we must have y G B^ , and therefore N — intU C B^ . □ 

Lemma 8 Suppose Hi meets the defining conditions (1), (2) and (3) of the 
set TC. Then Hi can be modified to be a 3-submanifold H^ C N such that: 

(i) dH^, contains no 2-sphere; 

(ii) c{H,)<c{Hi); 

(iii) H^ still meets the the defining conditions (1) (2) (3) of H. 

Proof We suppose that dHi contains a 2-sphere component 5^ , otherwise 
Lemma ISl is proved. Then S*^ bounds a 3-ball B^ in since N is irreducible. 
We consider two cases: 

Case (a) S'^ does bound a 3-ball B^ in Hi . 

In this case B^ is a component of Hi. By Lemma El / can be homotoped to 
be a homeomorphism outside H2 = Hi — B^ . 
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Case (b) 5^ does not bound a 3-ball in Hi . 

Let H'^ be the component of Hi such that S"^ C dH'^. By Lemma [7] (i), either: 
(b') H[cB^,or 
(b") H[nB^ = S'^. 

In case (b'), let H2 = Hi - B^. By Lemma / can be homotoped to 
be a homeomorphism outside H2- Note H2 7^ 0, otherwise M and are 
homeomorphic, which contradicts our assumption. 

In case (b"), let H2 = Hi U B^ , then dH2 has at least one component less 
than dHi . Since we are enlarging Hi , / is a homeomorphism outside H2 ■ 

It is easy to check that in each case (a), (b'), (b") the components of H2 verify 
the defining condition (3) of H and c{H2) < c{Hi) < c{H). Moreover H2 
is not empty because M and N are not homeomorphic, and dH2 since 
9{H2) ^ 9{Hi) < giN). Hence each of the transformations (a), (b') and (b") 
preserves properties (ii) and (iii) in the conclusion of Lemma |H1 Since each 
one strictly reduces the number of components of Hi or of dHi , after a finite 
number of such transformations we reach a 3-submanifold H^ of N such that 
-ff* meets the properties (ii) and (iii) of Lemma|Hl and dH^ contains no 2-sphere 
components. This proves Lemma |H1 □ 

Lemma 9 Suppose that Hi meets conditions (i), (ii) and (iii) in the conclusion 
of Lemma Then Hi can be modified to be a 3-submanifold H^ of N such 
that: 

(a) ff* is irreducible; 

(b) c{H^) < c{Hi) is not increasing; 

(c) if* still meets the the defining conditions (1), (2), (3) of H. 
In particular H^ belongs to TC . 

Proof If there is an essential 2-sphere S"^ in Hi , it must separate since 
is irreducible. Let H[ be the component of Hi containing 5*^. The 2-sphere 
S*^ induces a connected sum decomposition of H[ : it separates H[ into two 
connected parts Ko and K'^, such that: 

H[ = K#s^K' = Ko U52 K'o, 

Ko C Hi (resp. K'o C Hi) is homeomorphic to a once punctured K (resp. a 
once punctured K'). 
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By Haken's Lemma, we have: 



g{H[)=g{K)+g{K'). 



Neither Ko nor K'^ is a n-punctured 3-sphere, n > 0, because dHi contains 
no 2-sphere component, hence: 



Since is irreducible, S*^ bounds a 3-ball B"^ in N. We may assume that 



intKo n 53 = and intK'^ n / 0. By Lemma □ (i), we have n = S"^ 
and K'^CB^. 

Moreover dH'^i^B^ 7^ 0, otherwise K'^ is homeomorphic to B^ , in contradiction 



Lemma 10 dH[ is not a subset of B^ . 

Proof We argue by contradiction. If dH[ is a subset of i?^, we have — 
intH[ C i?^ by Lemma [3 (ii), since H[ is not a subset of B^ . Then: 

N = H[U{N- mtH[) = H[[J B^ = {Ko#s^K) U B'-^ = Ko Ugi B^ = K. 

Hence K is homeomorphic to the whole N . If g{H[) < g{N) , this contradicts 
the fact that g{K) < g{H[) < g{N). If H[ does not carry ttiN this contadicts 
the fact that K C H[. □ 

By Lemma 1101 dH[ (and therefore dHi ) has components disjoint from B^ . 
Therefore if we replace Hi by H2 = Hi U B^ , then dH2 is not empty and it 
has no component which is a 2-sphere. Moreover the application of Haken's 
Lemma above shows that g{H2) < g{Hi). 

Since we are enlarging Hi , / is a homeomorphism outside H2 , and clearly 
H2 still meets the the defining condition (3) of 7i. Moreover c{H2) < c{Hi). 
Hence the transformation from Hi to H2 preserves properties (b) and (c) in the 
conclusion of Lemma El Since it strictly reduces g{Hi), after a finite number 
of such transformations we will reach a 3-submanifolds -fT* C such that H^^ 
meets conditions (b) and (c) in the conclusion of LemmalHl but does not contain 
any essential 2-sphere. This proves Lemma IHl □ 

Lemma IHl and Lemma El imply Lemma El Hence we have proved Proposition j^l 
under condition (*). □ 



g{K) < g{H[) 



and 



g{K') < g{H[) 




is a 2-sphere of connected sum. 
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Proof of Proposition |51 Let M and N be two closed, small 3-manifolds 
which are not homeomorphic. Suppose there is degree one map f : M ^ N 
which is a homeomorphism outside an irreducible submanifold H C N such 
that: for each component U of H , either g{U) < g{N) or U does not carry 

Condition (*) in the above proof of Proposition [21 is only used in the proof of 
LemmaEl when H contains a 3-ball component and that M — int/^^(i?'^) = 
Bf and 7^ Bf. Indeed we can now prove that this case cannot occur. 

If this case happens then vriA^ = {1} and thus mg{H) < g{N), since every 
component of H carries vriA^. By replacing f~^{B^) by a 3-ball B^ , we obtain 
a degree one map / : = B^ U B^ —>■ N defined by f\B^, = f\B^, and 
/I : B^ B3 is a homeomorphism. Then / : 5'^ ^ is a map which is 
a homeomorphism outside a submanifold H' = H — i?^. Clearly mg{H') = 
mg{H) < g{N) . Furthermore condition (*) now holds. 

Since Proposition [2 has been proved under condition (*) , we have that N must 
be homeomorphic to , since does not contain any incompressible surface. 
It would follow that mg[H) < 0, which is impossible. 

The proof of Proposition [21 and hence of Theorem ^ is now complete. □ 

4 Heegaard genus of small 3-manifolds 

This section is devoted to the proof of Theorem [21 

Let M be a closed orientable irreducible 3-manifold. Let F C Af be a closed 
orientable surface (not necessary connected) which splits M into finitely many 
compact connected 3-manifolds Ui, . . . ,Un- 

Let M\J\f{F) be the manifold M split along the surface F. We define the 
complexity of the pair (M, F) as 

c{M,F) = {a{F),7To{M\J\f{Fm, 

where cr(F) is the sum of the squares of the genera of the components of F 
and TrQ{M\M{F)) is the number of components of A([\J\f{F). 

Let J- be the set of all closed surfaces F such that for each component Ui of 
M\F, either g{Ui) < g{M) or Ui does not carry ttiM. 

Remark 5 This condition implies that the surface F ^ % for every F G JT. 
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With the hypothesis of Theorem [2 the set is not empty. Let F e ^ be a 
surface reahzing the minimal complexity. Then the following Lemma implies 
Theorem |^ 

Lemma 11 A surface F ^ T realizing the minimal complexity contains no 
2-sphere component and is incompressible. 

Proof The arguments are analogous to those used in the proof of Propositions 
121 We argue by contradiction. 

Suppose that F contains a 2-sphere component S'^ . It bounds a 3-ball C M, 
since M is irreducible. Let Ui and U2 be the closures of the components of 
M \M{F) which contain 5^. Then by Lemma [7|(i), either: 

• t/2 C ^3 and [/i n ^3 = 52, or 

• UiCB^ and UiHB^ = . 

Since those two cases are symmetric, we may assume that we are in the first case. 
We consider the surface F' corresponding to the decomposition {U[, . . . , Uj^} 
of M with U{ = UiLi B^ , after forgetting all Ui C B^ and then re-indexing the 
remaining C/j 's to be U2, ■ ■ ■ ,U'^. This operation does not increase the Heegaard 
genus of any one of the components of the new decomposition. Moreover \i Ui 
does not carry ttiM , the same holds for U[. Hence F' still belongs to 
However, this operation strictly decreases the number of components of F, 
hence c{F') < c{F), in contradiction with our choice of F. 

Suppose that the surface F is compressible. Then some essential simple closed 
curve 7 on F bounds an embedded disk in M . Let D' be a such a compression 
disk with the minimum number of circles of intersection in intD' H F . Then a 
subdisk of D' bounded by an innermost circle of intersection is contained inside 
one of the Ui , say Ui . 

Let {D,dD) C {Ui,F ndUi) be such an innermost disk. Let U2 be adjacent to 
Ui along F, such that dD C dU2- By surgery along D, we get a new surface 
F' which gives a new decomposition {U[, . . . , f/^} of ^ follows: 

U[ = Ui\M{D), U2 = U2UM{D), U'i = Ui, fori > 3. 

Then g{UD < g{Ui), for i = 1, . . . ,n. Moreover if Ui does not carry vriM, the 
same holds for U-. Hence F' £ T . However, cr{F') < cr{F) since dD is an 
essential circle on F . Therefore c{F') < c{F) and we reach a contradiction. □ 
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5 Null-homotopic knot with small unknotting num- 
ber 

In this section we prove Theorem |3J 

Suppose M is a closed, smah 3-manifold and /c C M is a null-homotopic knot 
with u{k) < g{M) . Then clearly M is not the 3-sphere. 

If A; is a non-trivial knot in a 3-ball C M . Then the compact 3-manifold 
B^(k, A) obtained by any non-trivial surgery of slope X on k will not be a 3-ball 
by |GLj . Therefore M{k,X) contains an essential 2-sphere. 

Hence below we assume that k is not contained in a 3-ball. 

Since the knot A; C M is null-homotopic with unknotting number u{k) , k can 
be obtained from a trivial knot k' C C M by u{k) self-crossing changes. Let 
D' C M be an embedded disk bounded by k' . If we let D' move following the 
self-crossing changes from k' to k, then each self-crossing change corresponds 
to an identification of pairs of arcs in D' . Hence one obtains a singular disk 
A in M with dA = k and with u{k) clasp singularities. Since A has the 
homotopy type of a graph, its regular neighborhood A/'(A) is a handlebody of 
genus g{J\f{A)) = u{k) < g{M). 

First we prove the following lemma which is a particular case of a more gen- 
eral result about Dehn surgeries on null-homotopic knots, obtained in |BBDMj . 
Since this paper is not yet available, we give here a simpler proof in this par- 
ticular case. 

Lemma 12 With the hypothesis above, if the slope a is not the meridian 
slope of k, then M{k,a) is not homeoniorphic to M . 

Proof Since M is irreducible and A: C M is not contained in a 3-ball, M — 
intj\f{k) is irreducible and 9-irreducible. Hence 1 < u{k) < g{M) and M 
cannot be a lens space. 

Let consider the set W of compact, connected, orientable, 3-submanifolds W C 
M such that: 

(1) k CW is null-homotopic in W; 

(2) there is no 2-sphere component in dW; 

(3) g{W)<g{M). 
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By hypothesis the set W is not empty since a regular neighborhood Af{A) of 
a singular unknotting disk for A; is a handlebody of genus > 1 . 

Claim 1 For a 3-submanifold Wq G W with a minimal complexity c(Wq) = 
a{dWQ) , the surface dWo is incompressible in the exterior M — intJ\f{k). 

Proof If dWo is compressible in M-intWo, let {D,dD) ^ (M-intWo, ^W^o) 
be a compression disk for OWq. The 3-manifold Wi = WqL)M{D) , obtained by 
adding a 2-andle to Wq, is a compact, connected submanifold of M containing 
k. 

Any 2-sphere in dWi bounds a 3-ball in Af — mtj\f(k) since it is irreductible. 
Hence after gluing some 3-ball along the boundary, we may assume that Wi 
contains no 2-sphere component. Moreover k C Wi is null-homotopic in Wi 
and g{Wi) < g{Wo) < g{M). It follows that Wi G W. Since c{Wi) < c{Wq) 
we get a contradiction. 

If dWo is compressible in Wq - iniM{k) , let (D, dD) ^,{Wq- intA/'(A;), OWq) 
be a compression disk for OWq . Let W2 be the component of the 3-manifold 
Wq\M{D) which contains k. As above, after possibly gluing some 3-ball along 
the boundary, we may assume that dW2 contains no 2-sphere component. The 
knot k C W2 is null-homotopic in W2, since it is null-homotopic in Wq and 
'K1W2 is a factor of the free product decomposition of Wq induced by the d — 
compression disk D. Moreover by Lemma ^ 5(11^2) ^ giWo) < di^)- It 
follows that W2 G W and c{W2) < c{Wo) . As above this contradicts the 
minimality of c(Wo) • □ 

To finish the proof of Lemma El we distinguish two cases: 

(a) The smiace OWq is compressible in Wo{k, a) Then one can apply Scharle- 
mann's theorem |Schl Thm 6.1]. The fact that k C Wq is null-homotopic rules 
out cases a) and b) of Scharlemann's theorem. Moreover by |BW| Prop. 3. 2] 
there is a degree one map g : Wo{k, a) — > Wq , and thus there is a simple closed 
curve on dWo which is a compression curve both in Wo(A;, a) and in Wq . There- 
fore case d) of Scharlemann's theorem cannot occure. The remaining case c) 
of Scharlemann's theorem shows that k C Wq is a non-trivial cable of a knot 
ko C Wq and that the surgery slope a corresponds to the slope of the cabling 
annulus. But then the manifold M{k, a) is the connected sum of a non-trivial 
Lens space with a manifold obtained by Dehn surgery along kQ. If M(k,a) is 
homeomorphic to the small 3-manifold M, then M and M{k,a) both would 
be homeomorphic to a Lens space, which is impossible since 1 < u{k) < g{M) . 
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(b) The surface dWo is incompressible in Wo{k, a) Since dWo is incompress- 
ible in M — J\f{k) , it is incompressible in M{k, a) . Therefore M{k, a) and M 
cannot be homeomorphic since M is a small manifold. □ 

It follows from |BWI Prop. 3. 2] that there is a degree one map / : M{k, a) ^ M 
which is a homeomorphism outside J\f{A). Since g{N'{A)) = u{k) < g{M), 
Theorem |21 is a consequence of Theorem ^ and Lemma 1121 □ 
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